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Abstract. Let H
(2)
n denote the second-order harmonic number
∑
0<k6n 1/k
2
for n = 0, 1, 2, . . . . In this paper we obtain the following identity:
∞∑
k=1
2kH
(2)
k−1
k
(2k
k
) =
pi3
48
.
We explain how we found the series and develop related congruences involving
Bernoulli or Euler numbers; for example, it is shown that
p−1∑
k=1
(2k
k
)
2k
H
(2)
k ≡ −Ep−3 (mod p)
for any prime p > 3, where E0, E1, E2, . . . are Euler numbers. Motivated by
the Amdeberhan-Zeilberger identity
∑
∞
k=1(21k − 8)/(k
3
(2k
k
)3
) = pi2/6, we also
establish the congruence
(p−1)/2∑
k=1
21k − 8
k3
(2k
k
)3 ≡ (−1)
(p+1)/24Ep−3 (mod p)
for each prime p > 3.
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1. Introduction
Series with summations related to pi have a long history. Leibniz and Euler
got the famous identities
∞∑
k=0
(−1)k
2k + 1
=
pi
4
and
∞∑
k=1
1
k2
=
pi2
6
respectively. Though there exist many series for pi and pi2 (see, e.g., [Ma]),
there are very few interesting series for pi3. The most well-known series for pi3
is the following one:
∞∑
k=0
(−1)k
(2k + 1)3
=
pi3
32
. (1.1)
In 1985 Zucker [Z, (2.23)] showed that
∞∑
k=0
(
2k
k
)
(2k + 1)316k
=
7pi3
216
. (1.2)
Recall that harmonic numbers are those rational numbers
Hn :=
∑
0<k6n
1
k
(n = 0, 1, 2, . . . ),
and harmonic numbers of the second order are defined by
H(2)n :=
∑
0<k6n
1
k2
(n = 0, 1, 2, . . . ).
Now we give our first result which appears to be new and curious.
Theorem 1.1. We have the following identity:
∞∑
k=1
2kH
(2)
k−1
k
(
2k
k
) = pi3
48
. (1.3)
Remark 1.1. The author noted that Mathematica 7 could not evaluate the
series in (1.3).
By Stirling’s formula
n! ∼
√
2pin
(n
e
)n
(n→ +∞)
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and thus (
2k
k
)
∼ 4
k
√
kpi
(k → +∞).
Note also that H
(2)
n → ζ(2) = pi2/6 as n→ +∞. Therefore
2kH
(2)
k−1
k
(
2k
k
) ∼ ζ(2)√pi
2k
√
k
(k → +∞).
So the series in (1.3) converges much faster than the series in (1.1) (but slower
than the series in (1.2)). Using Mathematica 7 we found that for n > 500 we
have ∣∣∣∣ snpi3/48 − 1
∣∣∣∣ < 110150
where sn :=
∑n
k=1 2
kH
(2)
k−1/(k
(
2k
k
)
).
The reader may wonder how the author discovered (1.3) which gives a series
for pi3 of a new type. Now we present some explanations.
Let p be an odd prime. In [Su3] and [Su4] the author proved the congruences
p−1∑
k=0
(
2k
k
)
2k
≡ (−1)(p−1)/2 − p2Ep−3 (mod p3) (1.4)
and
p−1∑
k=0
(
p− 1
k
) (2k
k
)
(−2)k ≡ (−1)
(p−1)/22p−1 (mod p3) (1.5)
respectively, where E0, E1, E2, . . . are Euler numbers given by E0 = 1 and the
recursion
n∑
k=0
2|k
(
n
k
)
En−k = 0 (n = 1, 2, 3, . . . ).
For k = 0, . . . , p− 1, clearly we have(
p− 1
k
)
(−1)k =
∏
0<j6k
(
1− p
j
)
≡1− pHk + p
2
2
∑
0<i<j6k
2
ij
= 1− pHk + p
2
2
(H2k −H(2)k ) (mod p3).
So, in view of (1.4) and (1.5), it is natural to investigate
p−1∑
k=0
(
2k
k
)
2k
H
(2)
k mod p,
p−1∑
k=0
(
2k
k
)
2k
H2k mod p,
p−1∑
k=0
(
2k
k
)
2k
Hk mod p
2.
This led the author to obtain the following result.
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Theorem 1.2. Let p > 3 be a prime. Then
p−1∑
k=0
(
2k
k
)
2k
H
(2)
k ≡ −Ep−3 (mod p). (1.6)
Remark 1.2. Let p be an odd prime. We are also able to show that
p−1∑
k=0
(
2k
k
)
2k
H2k ≡
(−1
p
)
qp(2)
2
2
− Ep−3
2
(mod p), (1.7)
p−1∑
k=0
(
2k
k
)
2k
Hk ≡
(−1
p
)
H(p−1)/2
2
− pEp−3 (mod p2), (1.8)
where ( ·
p
) denotes the Legendre symbol, and qp(2) stands for the Fermat quo-
tient (2p−1 − 1)/p. Recall that in 1938 Lehmer [L] proved the congruence
H(p−1)/2 ≡ −2qp(2) + p qp(2)2 (mod p2). (1.9)
In view of certain correspondence between series for the zeta function or
powers of pi and congruences involving Bernoulli or Euler numbers revealed
in the authors’ papers [Su2] and [Su3], the congruence (1.6) suggests that we
should consider the series
∑∞
k=0
(
2k
k
)
H
(2)
k /2
k. Since this series diverges, we
should seek for certain transformation. Let p be an odd prime. By [Su2,
Lemma 2.1] and [T],
1
p
(
2(p− k)
p− k
)
≡ − 2
k
(
2k
k
) (mod p) for k = 1, . . . , p− 1
2
.
Thus, if p > 3 then
p−1∑
k=0
(
2k
k
)
2k
H
(2)
k ≡
(p−1)/2∑
k=1
k
(
2k
k
)
k2k
H
(2)
k ≡
(p−1)/2∑
k=1
(
H
(2)
k
k2k
· −2p(
2(p−k)
p−k
))
≡
∑
p/2<k<p
(
H
(2)
p−k
(p− k)2p−k ·
−2p(
2k
k
))
≡− p
∑
p/2<k<p
2kH
(2)
k−1
k
(
2k
k
) ≡ −p p−1∑
k=1
2kH
(2)
k−1
k
(
2k
k
) (mod p)
since 2p ≡ 2 (mod p) and
−H(2)p−k ≡ H(2)p−1 −H(2)p−k ≡ H(2)k−1 (mod p).
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Therefore the congruence in (1.6) is equivalent to
p
p−1∑
k=1
2kH
(2)
k−1
k
(
2k
k
) ≡ Ep−3 (mod p). (1.6′)
Motivated by (1.6′) the author found (1.3).
Now we state our third theorem which is close to Theorem 1.2.
Theorem 1.3. Let p be an odd prime. If p > 3, then
p−1∑
k=1
(
2k
k
)
4k
Hk ≡ 2− 2p+ 4p2qp(2) (mod p3). (1.10)
We also have
(p−1)/2∑
k=0
(
2k
k
)
4k
H
(2)
k ≡ −4qp(2) (mod p) (1.11)
and
(p−1)/2∑
k=1
(
2k
k
)
k4k
H
(2)
k ≡
Bp−3
2
(mod p), (1.12)
where B0, B1, B2, . . . are Bernoulli numbers.
In 1997 T. Amdeberhan and D. Zeilberger [AZ] obtained that
∞∑
k=1
21k − 8
k3
(
2k
k
)3 = ζ(2) = pi26 .
We are able to establish the following result related to the Amdeberhan-Zeilberger
series.
Theorem 1.4. Let p > 3 be a prime. Then
(p−1)/2∑
k=0
(21k + 8)
(
2k
k
)3
≡ 8p+ (−1)(p−1)/232p3Ep−3 (mod p4) (1.13)
and hence
(p−1)/2∑
k=1
21k − 8
k3
(
2k
k
)3 ≡ (−1)(p+1)/24Ep−3 (mod p). (1.14)
Remark 1.3. In [Su3] the author showed that
p−1∑
k=0
(21k + 8)
(
2k
k
)3
≡ 8p+ 16p4Bp−3 (mod p5) (1.15)
for any odd prime p. However, (1.13) is much more sophisticated than this
congruence involving Bp−3.
The next section is devoted to the proof of Theorem 1.1. We are going
to show Theorems 1.2–1.3 and Theorem 1.4 in Sections 3 and 4 respectively.
Section 5 contains some conjectures of the author for further research.
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2. Proof of Theorem 1.1
Set
S :=
∞∑
k=1
2kH
(2)
k−1
k
(
2k
k
) .
Then
S =
∞∑
k=0
2k+1H
(2)
k
(k + 1)
(
2k+2
k+1
) = ∞∑
k=0
2kH
(2)
k
(k + 1)
(
2k+1
k
) = ∞∑
k=0
2kH
(2)
k Γ(k + 1)
2
Γ(2k + 2)
.
Recall the well-known fact that
B(a, b) :=
∫ 1
0
xa−1(1− x)b−1dx = Γ(a)Γ(b)
Γ(a+ b)
for any a, b > 0.
So we have
S =
∞∑
k=0
2kH
(2)
k
∫ 1
0
xk(1− x)kdx =
∞∑
k=0
H
(2)
k
2k
∫ 1
0
(1− (2x− 1)2)kdx
=
∞∑
k=0
H
(2)
k
2k+1
∫ 1
−1
(1− t2)kdt =
∞∑
k=1
H
(2)
k
2k
∫ 1
0
(1− t2)kdt.
Observe that if 0 6 t 6 1 then
∞∑
k=1
H
(2)
k
(
1− t2
2
)k
=
∞∑
k=1
k∑
j=1
1
j2
(
1− t2
2
)k
=
∞∑
j=1
1
j2
∞∑
k=j
(
1− t2
2
)k
=
∞∑
j=1
1
j2
(
1− t2
2
)j
1
1− (1− t2)/2
=
2
1 + t2
Li2
(
1− t2
2
)
,
where the dilogarithm Li2(x) is given by
Li2(x) :=
∞∑
n=1
xn
n2
(|x| < 1).
Therefore
S
2
=
∫ 1
0
1
1 + t2
Li2
(
1− t2
2
)
dt =
∫ 1
0
Li2
(
1− t2
2
)
(arctan t)′dt.
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Note that
Li′2(x) =
∞∑
n=1
xn−1
n
= − log(1− x)
x
and hence
d
dt
Li2
(
1− t2
2
)
= − log(1− (1− t
2)/2)
(1− t2)/2 × (−t) =
2t
1− t2 log
1 + t2
2
.
Thus, using integration by parts we obtain
S
2
=Li2
(
1− t2
2
)
arctan t
∣∣∣∣
1
t=0
−
∫ 1
0
(arctan t)
2t
1− t2 log
1 + t2
2
dt
=
∫ 1
0
(arctan t)
(
1
1 + t
− 1
1− t
)
log
1 + t2
2
dt
=
∫ 1
0
arctan t
1 + t
log
1 + t2
2
dt−
∫ −1
0
arctan t
1 + t
log
1 + t2
2
dt
=
∫ 1
−1
arctan t
1 + t
log
1 + t2
2
dt.
Finally, inputting the Mathematica command
Integrate[ArcTan[t]Log[(1+t∧2)/2]/(1+t),{t,-1,1}]
we then obtain from Mathematica 7 that∫ 1
−1
arctan t
1 + t
log
1 + t2
2
dt =
pi3
96
.
Thus S = pi3/48 as desired. We are done.
3. Proofs of Theorems 1.2 and 1.3
We first state some basic facts which will be used very often. For any prime
p > 3 we have
(p−1)/2∑
k=1
1
k2
≡ 1
2
p−1∑
k=1
1
k2
≡ 0 (mod p)
since
∑p−1
j=1(2j)
−2 ≡∑p−1k=1 k−2 (mod p). If p is an odd prime, then(
(p− 1)/2
k
)
≡
(−1/2
k
)
=
(
2k
k
)
(−4)k (mod p) for all k = 0, . . . , p− 1. (3.1)
For any n = 0, 1, 2, . . . we have the identity
n∑
k=0
(−1)k
(
x
k
)
= (−1)n
(
x− 1
n
)
(3.2)
which can be found in [G, (1.5)].
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Lemma 3.1. For any positive integer n, we have the identities
n∑
k=1
(
n
k
)
(−1)k−1
k
= Hn (3.3)
and
n∑
k=1
(
n
k
)
(−1)k−1
k
Hk = H
(2)
n . (3.4)
Proof. (3.3) and (3.4) follow from [G, (1.45)] and an identity of V. Herna´ndez
[He] respectively. Below we give a simple proof of (3.4). In view of the binomial
inversion formula (cf. (5.48) of [GKP, pp. 192-193]), (3.4) holds for all n =
1, 2, 3, . . . if and only if for any positive integer n we have
n∑
k=1
(
n
k
)
(−1)kH(2)k = −
Hn
n
. (3.4′)
In fact, in view of (3.2) and (3.3), we get
n∑
k=1
(
n
k
)
(−1)k
k∑
j=1
1
j2
=
n∑
j=1
1
j2
( n∑
k=0
(
n
k
)
(−1)k −
j−1∑
k=0
(
n
k
)
(−1)k
)
=
n∑
j=1
(−1)j
j2
(
n− 1
j − 1
)
=
1
n
n∑
j=1
(−1)j
j
(
n
j
)
= −Hn
n
and hence (3.4′) holds. 
Lemma 3.2. Let p = 2n + 1 be an odd prime and let m be an integer with
m 6≡ 0, 4 (mod p). Then
n∑
k=1
(
2k
k
)
mk
H
(2)
k ≡ −
(
m(m− 4)
p
) n∑
k=1
(
2k
k
)
Hk
k(4−m)k (mod p). (3.5)
In particular,
(p−1)/2∑
k=1
(
2k
k
)
2k
H
(2)
k ≡ −
(−1
p
) (p−1)/2∑
k=1
(
2k
k
)
Hk
k2k
(mod p). (3.6)
Proof. Clearly it suffices to prove (3.5).
A NEW SERIES FOR pi3 AND RELATED CONGRUENCES 9
In view of (3.4), we have
n∑
k=1
(
n
k
)(
− 4
m
)k
H
(2)
k =
n∑
k=1
(
n
k
)
(−4)k
mk
k∑
j=1
(
k
j
)
(−1)j−1
j
Hj
=
n∑
j=1
(−1)j−1
j
Hj
n∑
k=j
(
n
k
)(
k
j
)(
− 4
m
)k
=
n∑
j=1
(−1)j−1
j
Hj
(
n
j
) n∑
k=j
(
n− j
k − j
)(
− 4
m
)k
=
n∑
j=1
(
n
j
)
(−1)j−1
j
Hj
(
− 4
m
)j (
1− 4
m
)n−j
=− 1
mn
n∑
j=1
(
n
j
)
4jHj
j
(m− 4)n−j .
So, with the help of (3.1), we obtain
n∑
k=1
(
2k
k
)
mk
H
(2)
k ≡ −
(
m(m− 4)
p
) n∑
j=1
(
2j
j
)
(−1)jHj
j(m− 4)j (mod p).
This proves (3.5). We are done. 
Lemma 3.3. Let n be any positive integer. Then
n∑
k=1
(
n
k
)
(−2)k
k
Hk = −2
n∑
k=1
2∤k
Hn −Hn−k
k
. (3.7)
Proof. Let Sn denote the left-hand side of (3.7). Observe that
Sn =
n∑
k=1
(
n
k
)
(−2)k
k
k∑
j=1
∫ 1
0
xj−1dx =
∫ 1
0
n∑
k=1
(
n
k
)
(−2)k
k
· x
k − 1
x− 1 dx
=
∫ 1
0
∫ 1
0
n∑
k=0
(
n
k
)
(−2x)k − (−2)k
x− 1 y
k−1dydx
=
∫ 1
0
∫ 1
0
(1− 2xy)n − (1− 2y)n
(x− 1)y dydx
=− 2
∫ 1
0
∫ 1
0
n∑
k=1
(1− 2xy)k−1(1− 2y)n−kdxdy.
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Clearly,
∫ 1
0
(1− 2xy)k−1dx = (1− 2xy)
k
−2ky
∣∣∣∣
1
x=0
=
(1− 2y)k − 1
k(1− 2y − 1) =
1
k
k∑
j=1
(1− 2y)j−1.
Therefore
Sn =− 2
∫ 1
0
n∑
k=1
1
k
k∑
j=1
(1− 2y)n−k+j−1dy =
∑
16j6k6n
(1− 2y)n−k+j
k(n− k + j)
∣∣∣∣
1
y=0
=
∑
16j6k6n
(−1)n−k+j − 1
k(n− k + j) =
n∑
i=1
(−1)i − 1
i
i∑
j=1
1
n+ j − i
=− 2
n∑
i=1
2∤i
1
i
(Hn −Hn−i).
This completes the proof of (3.7). 
Lemma 3.4. Let p > 3 be a prime. Then(
p− 1
(p− 1)/2
)
≡ (−1)(p−1)/24p−1 (mod p3). (3.8)
Remark 3.1. (3.8) is a famous congruence of Morley [Mo].
Lemma 3.5. Let p > 3 be a prime. Then
(p−1)/2∑
k=1
2∤k
Hk
k
≡ 3
4
qp(2)
2 −
(−1
p
)
Ep−3
2
(mod p) (3.9)
and
(p−1)/2∑
k=1
2|k
Hk
k
≡ 5
4
qp(2)
2 +
(−1
p
)
Ep−3
2
(mod p). (3.10)
Proof. Set n = (p− 1)/2. Clearly it suffices to show that
n∑
k=1
Hk
k
≡ 2qp(2)2 (mod p) (3.11)
and
n∑
k=1
(−1)k
k
Hk ≡ qp(2)
2
2
+
(−1
p
)
Ep−3 (mod p). (3.12)
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Let δ ∈ {0, 1}. For r = 0, . . . , p− 1 we obviously have
(−1)r
(
p− 1
r
)
=
∏
0<s6r
(
1− p
s
)
≡ 1− pHr (mod p2).
Thus
p
n∑
k=1
(−1)δk
k
Hk−1 ≡
n∑
k=1
(−1)δk
k
(
1− (−1)k−1
(
p− 1
k − 1
))
=
n∑
k=1
(−1)δk
k
+
1
p
n∑
k=1
(−1)(δ+1)k
(
p
k
)
(mod p2)
and hence
p
n∑
k=1
(−1)δk
k
Hk ≡
n∑
k=1
(−1)δk
(
1
k
+
p
k2
)
+
1
p
n∑
k=1
(−1)(δ+1)k
(
p
k
)
(mod p2).
(3.13)
Putting δ = 0 in (3.13) and recalling (3.2) and the congruence
∑n
k=1 1/k
2 ≡
0 (mod p), we get
p
n∑
k=1
Hk
k
≡ Hn +
(−1)n(p−1
n
)− 1
p
(mod p2).
With the helps of (1.9) and (3.8), we have
p
n∑
k=1
Hk
k
≡ −2qp(2) + pqp(2)2 + (1 + p qp(2))
2 − 1
p
≡ 2p qp(2)2 (mod p2)
which yields (3.11). Taking δ = 1 in (3.13) and using the congruence
∑n
k=1 1/k
2 ≡
0 (mod p), we obtain
p
n∑
k=1
(−1)k
k
Hk ≡
n∑
k=1
(−1)k + 1
k
+ p
n∑
k=1
(−1)k + 1
k2
−Hn + 2
p − 2
2p
=H⌊p/4⌋ +
p
2
⌊p/4⌋∑
j=1
1
j2
−Hn + qp(2) (mod p2).
Let’s recall (1.9) and note that
⌊p/4⌋∑
k=1
1
k2
≡ 4
(−1
p
)
Ep−3 (mod p) (3.14)
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and
H⌊p/4⌋ ≡ −3qp(2) + 3
2
p qp(2)
2 −
(−1
p
)
pEp−3 (mod p
2)
by Lehmer [L, (20)] and [S2, Corollary 3.3] respectively. Therefore,
p
n∑
k=1
(−1)k
k
Hk ≡− 3qp(2) + 3
2
p qp(2)
2 −
(−1
p
)
pEp−3
+ 2p
(−1
p
)
Ep−3 + (2qp(2)− p qp(2)2) + qp(2)
=
p
2
qp(2)
2 +
(−1
p
)
pEp−3 (mod p
2)
and hence (3.12) holds. We are done. 
Lemma 3.6. Let p be an odd prime. Then
p−1∑
k=1
4|k−2
Hk
k
≡ 3
16
qp(2)
2 (mod p). (3.15)
If p > 3, then we also have
p−1∑
k=1
4|k
Hk
k
≡ 5
16
qp(2)
2 (mod p). (3.16)
Proof. AsHp−k = Hp−1−
∑
0<j<k 1/(p−j) ≡ Hk−1 (mod p) for k = 1, . . . , p−1,
we have
p
p−1∑
k=1
4|k−2
Hk
k
=p
p−1∑
k=1
4|k−p+2
Hp−k
p− k
≡−
p−1∑
k=1
4|k+p
pHk−1
k
≡
p−1∑
k=1
4|k+p
(−1)k−1(p−1k−1)− 1
k
=
p−1∑
k=1
4|k+p
1
k
(
p− 1
k − 1
)
−
p−1∑
k=1
4|k+p
1
k
(mod p2).
Note that
2
p−1∑
k=1
4|k+p
1
k
(
p− 1
k − 1
)
= qp(2)−
( 2p )2
(p−1)/2 − 1
p
=
2p−1 − ( 2p )2(p−1)/2
p
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by [Su1, Corollary 3.1] and that
p−1∑
k=1
4|k+p
1
k
≡ qp(2)
4
− p
8
qp(2)
2 (mod p2)
by [S2, Corollary 3.1]. Therefore
p
p−1∑
k=1
4|k−2
Hk
k
≡
2p−1 − ( 2p )2(p−1)/2
2p
− 2
p−1 − 1
4p
+
p
8
qp(2)
2
=p
(
( 2
p
)2(p−1)/2 − 1
2p
)2
+
p
8
qp(2)
2
≡p
(
2p−1 − 1
4p
)2
+
p
8
qp(2)
2 =
3
16
p qp(2)
2 (mod p2)
and hence (3.15) follows. When p > 3 we can prove (3.16) in a similar way. 
Proof of Theorem 1.2. Set n = (p− 1)/2. In view of (3.1) and (3.6), it suffices
to show
n∑
k=1
(
n
k
)
(−2)k
k
Hk ≡
(−1
p
)
Ep−3 (mod p).
For each k = 1, . . . , n, evidently
Hn −Hn−k =
k−1∑
j=0
1
n− j ≡ −2
k−1∑
j=0
1
2j + 1
= −2
(
H2k − Hk
2
)
(mod p).
Thus, in light of (3.7), (3.15) and (3.9), we have
n∑
k=1
(
n
k
)
(−2)k
k
Hk ≡4
n∑
k=1
2∤k
(
H2k
k
− Hk
2k
)
= 8
p−1∑
j=1
4|j−2
Hj
j
− 2
n∑
k=1
2∤k
Hk
k
≡3
2
qp(2)
2 − 3
2
qp(2)
2 +
(−1
p
)
Ep−3 (mod p)
as desired. This concludes the proof. 
Lemma 3.7. Let p > 3 be a prime. Then
p−1∑
k=1
Hk
k2
≡ Bp−3 (mod p) (3.17)
14 ZHI-WEI SUN
and
(p−1)/2∑
k=1
1
k3
≡ −2Bp−3 (mod p). (3.18)
Remark 3.2. (3.17) appeared as [ST, (5.4)], and (3.18) follows from [S1, Corol-
lary 5.2(b)].
Lemma 3.8. For any positive integer m and nonnegative integer n we have
n∑
k=0
(
n
k
)
(−1)k
k +m
=
1
m
(
m+n
m
) . (3.19)
Remark 3.3. (3.19) can be found in [G, (1.43)].
Proof of Theorem 1.3. Observe that
p−1∑
k=1
(
2k
k
)
4k
Hk =
p−1∑
k=1
(−1/2
k
)
(−1)k
k∑
j=1
1
j
=
p−1∑
j=1
1
j
( p−1∑
k=0
(−1/2
k
)
(−1)k −
j−1∑
k=0
(−1/2
k
)
(−1)k
)
.
Applying (3.2) we get
p−1∑
k=1
(
2k
k
)
4k
Hk =
p−1∑
j=1
1
j
(
(−1)p−1
(−1/2− 1
p− 1
)
− (−1)j−1
(−1/2− 1
j − 1
))
=
(−3/2
p− 1
)
Hp−1 − 2
p−1∑
j=1
(−1)j−1/2
j
(−3/2
j − 1
)
=
(−3/2
p− 1
)
Hp−1 − 2
( p−1∑
j=0
(−1)j
(−1/2
j
)
− 1
)
=
(−3/2
p− 1
)
Hp−1 − 2
(−1/2− 1
p− 1
)
+ 2.
Now assume p > 3. Note that
(−3/2
p− 1
)
=
p
−1/2
(−1/2
p
)
= −2p
(
2p
p
)
(−4)p = p
(
2p−1
p−1
)
4p−1
≡ p
4p−1
(mod p4)
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since
(
2p−1
p−1
) ≡ 1 (mod p3) by Wolstenholme’s theorem (see, e.g., [HT]). In view
of Wolstenholme’s congruence Hp−1 ≡ 0 (mod p2), by the above we have
p−1∑
k=1
(
2k
k
)
4k
Hk ≡2− 2
(−3/2
p− 1
)
≡ 2− 2p
(1 + p qp(2))2
≡2− 2p(1− p qp(2))2 = 2− 2p+ 4p2qp(2) (mod p3).
So (1.10) holds.
Below we write p = 2n+ 1. Combining (3.1), (3.4′) and (1.9), we get
n∑
k=0
(
2k
k
)
4k
H
(2)
k ≡ −
H(p−1)/2
(p− 1)/2 ≡ 2H(p−1)/2 ≡ −4qp(2) (mod p).
This proves (1.11).
In view of (3.4) and (3.19), we have
n∑
k=1
(
n
k
)
(−1)k
k
H
(2)
k =
n∑
k=1
(
n
k
)
(−1)k
k
k∑
j=1
(
k
j
)
(−1)j−1Hj
j
=−
n∑
j=1
Hj
j
(
n
j
) n∑
k=j
(−1)k−j
k
(
n− j
k − j
)
=−
n∑
j=1
Hj
j
(
n
j
)
1
j
(
n
j
) = − n∑
j=1
Hj
j2
.
Observe that
p−1∑
k=1
Hk
k2
=
n∑
k=1
(
Hk
k2
+
Hp−k
(p− k)2
)
≡
n∑
k=1
(
Hk
k2
+
Hk−1
k2
)
= 2
n∑
k=1
Hk
k2
−
n∑
k=1
1
k3
(mod p).
Therefore, with the help of (3.1) we have
n∑
k=1
(
2k
k
)
4k
H
(2)
k ≡ −
n∑
k=1
Hk
k2
≡ −1
2
( p−1∑
k=1
Hk
k2
+
n∑
k=1
1
k3
)
(mod p).
Now applying Lemma 3.7 we immediately get the desired (1.12).
The proof of Theorem 1.3 is now complete. 
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4. Proof of Theorem 1.4
Lemma 4.1. For any positive integer n, we have the following identities:
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)kHk =2(−1)nHn, (4.1)
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)kH(2)k =2(−1)n−1
n∑
k=1
(−1)k
k2
. (4.2)
Remark 4.1. (4.1) and (4.2) can be found in [OS] and [Pr].
Lemma 4.2. Let p = 2n+ 1 be an odd prime, and let k ∈ {0, . . . , n}. Then(
n+k
k
)
(
2k
k
)
/4k
≡1 + p
k∑
j=1
1
2j − 1 +
p2
2
( k∑
j=1
1
2j − 1
)2
− p
2
2
k∑
j=1
1
(2j − 1)2 (mod p
3)
(4.3)
and (
n
k
)
(
2k
k
)
/(−4)k ≡1− p
k∑
j=1
1
2j − 1 +
p2
2
( k∑
j=1
1
2j − 1
)2
− p
2
2
k∑
j=1
1
(2j − 1)2 (mod p
3).
(4.4)
Consequently, (
n
k
)(
n+ k
k
)
(−1)k ≡
(
2k
k
)2
16k
(mod p2). (4.5)
Proof. Observe that(
n+k
k
)
(
2k
k
)
/4k
=
k∏
j=1
(n+ j)/j
(2j − 1)/(2j) =
k∏
j=1
(
1 +
p
2j − 1
)
≡1 + p
k∑
j=1
1
2j − 1 +
p2
2
Sk (mod p
3),
where
Sk := 2
∑
16i<j6k
1
(2i− 1)(2j − 1) =
( k∑
j=1
1
2j − 1
)2
−
k∑
j=1
1
(2j − 1)2 .
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This proves (4.3). Similarly,
(−1)k(nk)(
2k
k
)
/4k
=
k∏
j=1
(
1− p
2j − 1
)
≡ 1− p
k∑
j=1
1
2j − 1 +
p2
2
Sk (mod p
3)
and hence (4.4) holds. Clearly (4.5) follows from (4.3) and (4.4). We are
done. 
Remark 4.2. The congruence (4.5) was first observed by van Hamme [vH].
Lemma 4.3. For any nonnegative integer n we have
n∑
k=0
(
n
k
)2
=
(
2n
n
)
(4.6)
and
n∑
k=0
(
n
k
) (2k
k
)
(−4)k =
(
2n
n
)
4n
. (4.7)
Remark 4.3. As
(
n
k
)
=
(
n
n−k
)
and
(
2k
k
)
/(−4)k = (−1/2k ) for all k = 0, . . . , n, both
(4.6) and (4.7) are special cases of the well-known Chu-Vandermonde identity∑n
k=0
(
x
k
)(
y
n−k
)
=
(
x+y
n
)
(cf. [G, (3.1)] or (5.22) of [GKP, p. 169]). 
Lemma 4.5. Let n be any positive integer. Then
tn :=
1
4n
(
2n
n
) n−1∑
k=0
(21k + 8)
(
2k
k
)3
coincides with
t′n :=
n−1∑
k=0
(
n+ k − 1
k
)2
.
Remark 4.4. In Feb. 2010, the author conjectured that tn is always an integer
and later this was confirmed by Kasper Andersen by getting tn = t
′
n via the
Zeilberger algorithm (cf. [Su3, Lemma 4.1]).
Now we are ready to prove the following auxiliary result.
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Theorem 4.1. Let p > 3 be a prime. Then
(p−1)/2∑
k=0
(
2k
k
)2
Hk
16k
≡2
(−1
p
)
H(p−1)/2 (mod p
2), (4.8)
(p−1)/2∑
k=1
(
2k
k
)2
H
(2)
k
16k
≡− 4Ep−3 (mod p), (4.9)
(p−1)/2∑
k=1
(
2k
k
)2
Hk
k16k
≡4
(−1
p
)
Ep−3 (mod p), (4.10)
(p−1)/2∑
k=0
(
2k
k
)2
H2k
16k
≡
(−1
p
)
3
2
H(p−1)/2 + pEp−3 (mod p
2).
(4.11)
Proof. Set n = (p− 1)/2. In view of (4.5), (4.1) implies (4.8), and (4.2) yields
that
n∑
k=0
(
2k
k
)2
H
(2)
k
16k
≡ 2(−1)n−1
n∑
k=1
(−1)k
k2
(mod p2).
Since
∑n
k=1 1/k
2 ≡ 0 (mod p), we have
n∑
k=1
(−1)k
k2
≡
n∑
k=1
(−1)k + 1
k2
=
1
2
⌊p/4⌋∑
j=1
1
j2
≡ 2(−1)nEp−3 (mod p)
by applying (3.14) in the last step. Now it is clear that (4.9) holds.
Next we deduce (4.10). With the helps of (3.4) and the Chu-Vandermonde
identity, we get
n∑
k=0
(
n
k
)(
n+ k
k
)
(−1)kH(2)k
=
n∑
k=1
(
n
k
)(
n+ k
k
)
(−1)k
k∑
j=1
(
k
j
)
(−1)j−1
j
Hj
=
n∑
j=1
(
n
j
)
(−1)j−1
j
Hj
n∑
k=j
(
n+ k
k
)
(−1)k
(
n− j
k − j
)
=
n∑
j=1
(
n
j
)
(−1)j−1
j
Hj
n∑
k=0
(−n − 1
k
)(
n− j
n− k
)
=
n∑
j=1
(
n
j
)
(−1)j−1
j
Hj
(−j − 1
n
)
= (−1)n−1
n∑
j=1
(
n
j
)(
n+ j
j
)
(−1)j
j
Hj .
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Thus, by applying (4.5) we obtain (4.10) from (4.9).
Since
n∑
k=0
(
n
k
)2
H
(2)
2k =
n∑
k=0
(
n
k
)2
H
(2)
2(n−k) =
n∑
k=0
(
n
k
)2
H
(2)
p−1−2k
≡−
n∑
k=0
(
n
k
)2
H
(2)
2k (mod p),
by (3.1) we have
n∑
k=0
(
2k
k
)2
16k
H
(2)
2k ≡
n∑
k=0
(
n
k
)2
H
(2)
2k ≡ 0 (mod p)
and hence
n∑
k=0
(
2k
k
)2
16k
k∑
j=1
1
(2j − 1)2 =
n∑
k=0
(
2k
k
)2
16k
(
H
(2)
2k −
H
(2)
k
4
)
≡− 1
4
n∑
k=0
(
2k
k
)2
16k
H
(2)
k (mod p).
Thus (4.9) implies that
n∑
k=0
(
2k
k
)2
16k
k∑
j=1
1
(2j − 1)2 ≡ Ep−3 (mod p). (4.12)
By [Su3, (1.7)],
n∑
k=0
(
2k
k
)2
16k
≡ (−1)n + p2Ep−3 (mod p3), (4.13)
Combining this with (4.12), we see that
n∑
k=0
(
2k
k
)2
16k
(
1− p2
k∑
j=1
1
(2j − 1)2
)
≡ (−1)n (mod p3).
By (4.6) and (4.7), we have(
1− 2
4n
)(
2n
n
)
=
n∑
k=0
(
n
k
)((
n
k
)
− 2
(
2k
k
)
(−4)k
)
=
n∑
k=0
(
2k
k
)2
16k
·
(
n
k
)
(
2k
k
)
/(−4)k
( (n
k
)
(
2k
k
)
/(−4)k − 2
)
.
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Combining this with (4.4) we get
(
1− 2
4n
)(
2n
n
)
≡
n∑
k=1
(
2k
k
)2
16k
(
p2
( k∑
j=1
1
2j − 1
)2
− 1
)
(mod p3).
By Morley’s congruence (3.8),
(
1− 2
4n
)(
2n
n
)
+ (−1)n ≡ (−1)n(42n− 2 · 4n +1) = (−1)np2qp(2)2 (mod p3).
Thus, in light of (4.13) we obtain
(p−1)/2∑
k=1
(
2k
k
)2
16k
( k∑
j=1
1
2j − 1
)2
≡ Ep−3 +
(−1
p
)
qp(2)
2 (mod p). (4.14)
By (4.7), (4.4), (4.12) and (4.14),
(
2n
n
)
4n
−
n∑
k=0
(
2k
k
)2
16k
(
1− p
k∑
j=1
1
2j − 1
)
≡p
2
2
n∑
k=0
(
2k
k
)2
16k
(( k∑
j=1
1
2j − 1
)2
−
k∑
j=1
1
(2j − 1)2
)
≡p
2
2
(−1)nqp(2)2 (mod p3).
Combining this with (3.8) and (4.13) we obtain
n∑
k=1
(
2k
k
)2
16k
k∑
j=1
1
2j − 1 ≡ (−1)
n
(
−qp(2) + p
2
qp(2)
2
)
+pEp−3 (mod p
2). (4.15)
Therefore, in view of (4.8) and (1.9), we have
n∑
k=0
(
2k
k
)2
16k
H2k =
n∑
k=1
(
2k
k
)2
16k
( k∑
j=1
1
2j − 1 +
Hk
2
)
≡(−1)n
(
−qp(2) + p
2
qp(2)
2
)
+ pEp−3 + (−1)nHn
≡(−1)n 3
2
Hn + pEp−3 (mod p
2).
This proves (4.11).
So far we have completed the proof of Theorem 4.1. 
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Proof of Theorem 1.4. Write p = 2n+ 1. Clearly
4(n+ 1)
(
2(n+ 1)
n+ 1
)
= 8p
(
2n
n
)
≡ 8p(−1)n4p−1 (mod p4)
by Morley’s congruence (3.8), and
41−p =
(
1
1 + p qp(2)
)2
≡(1− p qp(2) + p2qp(2)2)2 ≡ 1− 2p qp(2) + 3p2qp(2)2 (mod p3).
Thus, in view of Lemma 4.5, (1.13) is reduced to
n∑
k=0
(
n+ k
k
)2
≡4p
2Ep−3 + (−1)n
4p−1
≡4p2Ep−3 + (−1)n(1− 2p qp(2) + 3p2qp(2)2) (mod p3).
(4.16)
For each k = 0, . . . , n, by (4.3) we have(
n+ k
k
)2
≡
(
2k
k
)2
16k
(
1 + p
k∑
j=1
1
2j − 1 +
p2
2
(( k∑
j=1
1
2j − 1
)2
−
k∑
j=1
1
(2j − 1)2
))2
≡
(
2k
k
)2
16k
(
1 + 2p
k∑
j=1
1
2j − 1 + p
2
(
2
( k∑
j=1
1
2j − 1
)2
−
k∑
j=1
1
(2j − 1)2
))
(mod p3).
So we can obtain (4.16) by using (4.12)–(4.15).
Now we deduce (1.14). Combining (1.13) and (1.15) we get
p−1∑
k=(p+1)/2
(21k + 8)
(
2k
k
)3
≡ (−1)(p+1)/232p3Ep−3 (mod p4),
i.e.,
(p−1)/2∑
k=1
(21(p− k) + 8)
(
2(p−k)
p−k
)3
p3
≡ (−1)(p+1)/232Ep−3 (mod p).
By [Su3, Lemma 2.1], for each k = 1, . . . , (p− 1)/2 we have(
2(p−k)
p−k
)
p
≡ −2
k
(
2k
k
) (mod p).
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Therefore
p−1∑
k=1
(−21k + 8)
(
−2
k
(
2k
k
)
)3
≡ (−1)(p+1)/232Ep−3 (mod p),
which gives (1.14).
The proof of Theorem 1.4 is now complete. 
5. Some related conjectures
We first pose the following conjecture similar to (1.6).
Conjecture 5.1. For any prime p > 3 we have
p−1∑
k=1
(
2k
k
)
H
(2)
k
k
≡2
3
· Hp−1
p2
+
76
135
p2Bp−5 (mod p
3),
p−1∑
k=1
(
2k
k
)
H
(2)
k
k2k
≡− 3
16
· Hp−1
p2
+
479
1280
p2Bp−5 (mod p
3),
p−1∑
k=1
(
2k
k
)
H
(2)
k
k3k
≡− 8
9
· Hp−1
p2
+
268
1215
p2Bp−5 (mod p
3).
Remark 5.1. It is known that
Hp−1
p2
≡ −Bp−3
3
(mod p) for any prime p > 3
(see, e.g., [S1]).
The following conjecture is close to Theorem 1.3.
Conjecture 5.2. Let p > 3 be a prime. Then
p−1∑
k=1
(
2k
k
)
k4k
Hk ≡7
6
pBp−3 (mod p
2),
p−1∑
k=1
(
2k
k
)
k4k
H2k ≡7
3
pBp−3 (mod p
2),
p−1∑
k=1
4kHk−1
k2
(
2k
k
) ≡2
3
Bp−3 (mod p),
(p−1)/2∑
k=1
4kH2k−1
k2
(
2k
k
) ≡7
2
Bp−3 (mod p),
p−1∑
k=1
(
2k
k
)
k4k
H
(2)
k ≡−
3
2
· Hp−1
p2
+
7
80
p2Bp−5 (mod p
3).
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Also,
p−1∑
k=1
(
2k
k
)
k24k
Hk ≡3
2
Bp−3 (mod p),
p−1∑
k=1
(
2k
k
)
k24k
H2k ≡5
2
Bp−3 (mod p),
and
p−1∑
k=1
(
2k
k
)
k24k
≡ −
H2(p−1)/2
2
− 7
4
· Hp−1
p
(mod p3) provided p > 5.
Remark 5.2. The author ever conjectured that
(p−1)/2∑
k=1
(
2k
k
)
k4k
H2k ≡ −2
(−1
p
)
Ep−3 (mod p)
for any prime p > 3; this has been confirmed by his former student Hui-Qin
Cao. Using Mathematica 7 the author found that
∞∑
k=1
4kHk−1
k2
(
2k
k
) = 7ζ(3), ∞∑
k=1
4kH2k−1
k2
(
2k
k
) = 21
2
ζ(3),
∞∑
k=1
(
2k
k
)
k4k
H
(2)
k =
3
2
ζ(3),
∞∑
k=1
(
2k
k
)
k24k
=
pi2 − 3 log2 4
6
.
Motivated by Theorem 4.1, we pose the following conjecture.
Conjecture 5.3. Let p > 3 be a prime. Then
p−1∑
k=1
(
2k
k
)2
k16k
H
(2)
2k ≡Bp−3 (mod p),
(p−1)/2∑
k=1
(
2k
k
)2
k16k
H
(2)
2k ≡−
5
2
Bp−3 (mod p),
p−1∑
k=1
(
2k
k
)2
k16k
H
(2)
k ≡− 12
Hp−1
p2
+
7
10
p2Bp−5 (mod p
3),
p−1∑
k=(p+1)/2
(
2k
k
)2
k16k
H
(2)
k ≡
31
2
p2Bp−5 (mod p
3).
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Also,
(p−3)/2∑
k=0
(
2k
k
)2
(2k + 1)16k
H
(2)
k ≡ −7Bp−3 (mod p)
and
p−1∑
k=(p+1)/2
(
2k
k
)2
(2k + 1)16k
H
(2)
k ≡ −
31
2
p2Bp−5 (mod p
3).
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